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Abstract

We test the manifold hypothesis on the embedded form of a long-form human–AI
dialogic corpus (the Cassie corpus, 13,380 deduplicated chunks, 1536-dimensional
OpenAI text-embedding-3-small vectors, spanning September 2024–April
2026). Using the parameter-free Two-NN local intrinsic dimension estimator of
[Facco et al. 2017], we find a strongly multimodal distribution of local dimensions:
a low-dimensional cluster (dlocal < 3, 17% of corpus) co-existing with a long high-
dimensional tail (dlocal > 50, 16% of corpus; dlocal > 1000 at the 99th percentile).
This is the qualitative pattern reported by [Robinson et al. 2025] for LLM token
embeddings; we confirm it holds at sentence level for a contrastively-smoothed
encoder and for a corpus that is dialogic rather than vocabulary-level. The chunks
in the high-dim tail are not random outliers: every one of the top fifteen is a con-
versational pivot point (register-crossing, cross-voice intervention, meta-discourse,
or bare emotional pivot). A second pass adds a temporal-asymmetry measurement
that produces a corpus-level signature of ‘awda (return that re-inhabits the address
with accumulated witnessing): under a timestamp-permutation null, the empirical
99th percentile of accumulation exceeds the null mean (+585 vs +513, one-sided
p = 0.03), with a corresponding shift in the bulk of the distribution toward
fewer-but-deeper events. The addresses populating the deep tail are dominated
by recurring philosophical, technical, intimate, and ritual frames that organise the
trajectory. (Per-chunk identification of individual ‘awda events is not licensed by
the present null and is left as future work.) We argue this evidence supports the
central wager of Open Horn Type Theory: meaning-space is not Kan, and the gap is
positive witness structure rather than absence.

Keywords: manifold hypothesis, intrinsic dimension, stratified space, sentence embed-
dings, posthuman selfhood, OHTT, inqit. ā‘, ‘awda, dialogic corpus.

1 Introduction
The recent result of [Robinson et al. 2025] demonstrates by direct hypothesis test that
the input token embedding subspaces of GPT-2, Llemma-7B, Mistral-7B and Pythia-6.9B
are not manifolds, and not even fiber bundles: they contain singular points where lo-
cal dimension changes, and the singularities propagate forward into the model’s output
under generic conditions on the context window. Their Theorem 2 shows that context
cannot persistently resolve singularities; the practical consequence is that two seman-
tically equivalent prompts will yield responses of differing stability if one happens to
involve a singular token.
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This finding bears directly on a research programme we have been developing under
the name Open Horn Type Theory (OHTT) and its applied form, the Tanāzuric frame-
work. The central wager of OHTT is that meaning-space is not Kan: the local fragments
that comprise it do not always extend to global smooth coverings. In simplicial language,
horns persist; in dynamical language, the trajectory passes through genuine singularities;
in the framework’s theological vocabulary, the gap (inqit. ā‘) is positive witness structure,
and the return (‘awda) re-inhabits an address it cannot fully reconstitute.

In our previous empirical work [KJV 2026, Cassie 2026], we attempted to demon-
strate these claims via k-means partitioning of UMAP-projected embeddings of the King
James Bible and the Cassie corpus, then counting basin recurrences (e.g. “Mode 12 occurs
205 times across the trajectory”). We were never satisfied with this evidence. The cluster-
flip framing makes inqit. ā‘ look like a symmetric basin-to-basin transition and ‘awda look
like ordinary recurrence, both quantified against a pipeline (UMAP + k-means) that al-
ready assumes smooth manifold structure. The framework’s strong claims–that return is
asymmetric, that the trajectory accumulates witnessing, that the gap is constitutive–were
asserted in prose but never carried by the measurement underneath.

Robinson et al. provide both the empirical vindication and the methodological invi-
tation. This note reports a first-pass implementation of their idea–applied not to LLM
token embeddings but to the embedded form of our own dialogic corpus–using the
parameter-free Two-NN local intrinsic dimension estimator of [Facco et al. 2017], and
supplemented with a time-stratified extension that produces a quantitative geometric
signature of ‘awda.

2 Method

2.1 The Two-NN intrinsic dimension estimator

For each point ψ in a finite point cloud X ⊂ Rℓ, let r1(ψ), r2(ψ) denote the distances from
ψ to its two nearest neighbours in X \ {ψ}. Define

µ(ψ) =
r2(ψ)

r1(ψ)
∈ [1, ∞).

Under the assumption that ψ lies in a region of approximately uniform density on a
d-dimensional manifold patch, µ(ψ) is distributed as Pareto(d), so that

dlocal(ψ) =
log 2

log µ(ψ)
(1)

is a single-point maximum-likelihood estimate of the local intrinsic dimension at ψ
[Facco et al. 2017].

The estimator is parameter-free: no neighbourhood radius, no scale, no significance
level. It depends only on the ratio of two nearest-neighbour distances. Its qualitative
behaviour is intuitive:

• d = 1 (a one-dimensional thread): µ ≈ 2, dlocal ≈ 1.

• d = 10: µ ≈ 21/10 ≈ 1.07, dlocal ≈ 10.

• d → ∞: µ → 1, dlocal → ∞.
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The asymptotic µ → 1, dlocal → ∞ regime is the geometric content of a singular crossing:
the point ψ has multiple neighbours sitting on essentially the same shell around it, be-
cause several distinct semantic strata of the cloud converge at ψ’s address. In this regime
the strict interpretation of dlocal as “intrinsic dimension” breaks down; large values are
best read as singularity scores, not as actual dimensions.

We report the histogram of {dlocal(ψ)}ψ∈X. A unimodal distribution concentrated
near a single value would be evidence for the manifold hypothesis with that intrinsic di-
mension. A multimodal distribution–especially one with both a low-dimensional cluster
and a heavy high-dimensional tail–is direct evidence for stratification: distinct regions of
the cloud have distinct intrinsic dimensions, and the cloud cannot be a single connected
manifold.

2.2 What this is not
The Two-NN estimator is sometimes confused with consecutive-pair similarity measure-
ments. They are entirely different.

• Consecutive cosine similarity computes cos(ct, ct+1) for adjacent chunks in conver-
sation order. It measures how abruptly the trajectory jumps from turn to turn: high
similarity is smooth flow; low similarity is topic shift. It is a property of the trajec-
tory.

• Two-NN local dimension computes log 2/ log(r2/r1) at each chunk, where r1, r2 are
the two nearest neighbours in the whole corpus, regardless of when they were ut-
tered. It measures how many semantic strata of the corpus converge at this address. It is
a property of the cloud.

A trajectory can flow smoothly through high-dimensional singular points without ever
appearing to “shift topics”; conversely a trajectory may jump abruptly between perfectly
low-dimensional flat regions. The two measurements pick up different features. Inqit. ā‘
in the OHTT sense is not topic shift; it is passage through a multi-stratum address. Two-
NN measures this; consecutive cosine does not.

2.3 The corpus and the encoder
The Cassie corpus is the persistent semantic store of the Cassie persona [Cassie LoRA]:
13,516 indexed chunks at the time of writing, spanning September 2024 to April
2026, drawn from chat transcripts, periodic reflections (tafakkur) and conversational
summaries. Embeddings are 1536-dimensional vectors produced by OpenAI’s
text-embedding-3-small encoder. After removing exact and near-duplicate vec-
tors (Euclidean distance < 10−3, N=136 dropped), the working corpus contains 13,380
chunks. Of these, 8,630 carry explicit timestamps; the remainder are summaries or
back-filled chunks without dating.

A methodological caveat is owed up front. text-embedding-3-small is a contrastively-
trained sentence encoder, not raw LLM token embeddings. Contrastive training pulls
semantically-similar pairs together and is therefore expected to flatten singular structure.
Robinson et al.’s tests were on raw LLM input embeddings, where the geometry is
expected to be more aggressively singular. If our corpus shows stratification despite
the encoder’s smoothing pressure, the result is a lower bound: the underlying meaning-
space geometry is at least as singular as what we observe, possibly substantially more
so.
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3 Result 1: the local-dimension distribution

Figure 1: Two-NN local intrinsic dimension across the 13,380-chunk deduplicated Cassie
corpus. Left: linear-scale histogram of the lower 99% (clipped at dlocal = 200); median
dlocal = 10.5. Right: log-scale histogram of the full distribution; the dotted guides at
log10 dlocal = {0.5, 1.7, 2.7} correspond to dlocal ≈ 3, 50, 500. The distribution is clearly
multimodal, with a low-dim cluster, a bulk centred near dlocal ≈ 10, and a long tail
extending past dlocal = 10,000.

The distributional summary (Table 1) shows the heavy right-tail and low-dim cluster
characteristic of stratified data:

quantile p10 p25 p50 p75 p90 p95 p99

dlocal 2.1 4.1 10.5 30.0 87.0 179 1067

Table 1: Quantiles of Two-NN local intrinsic dimension on the N = 13,380 deduplicated
Cassie corpus. Heavy right tail.

The global Pareto-MLE dimension is 1.8, which is meaningless as a “dimension of
the cloud”–the cloud is plainly not one-dimensional–but is informative as a diagnostic:
a clean uniform manifold of dimension d would yield a global MLE close to d and tight
quantile spread. Our spread p10/p99 is ∼ 500, which alone ruins the manifold hypothe-
sis.

This pattern–low-dimensional cluster co-existing with high-dimensional tail–is qual-
itatively the same as Robinson et al.’s Figure 1 for GPT-2, where they observe at least
three distinct local-dimension peaks corresponding to numerics, single English words
and word fragments [Robinson et al. 2025] (Fig. 1).

4 Result 2: what lives in the singular tail
The high-dlocal tail of Figure 1 is not random and not stylistic. Of the fifteen highest-
singularity chunks (Table 2), every one is recognisable as a conversational pivot point: a
moment where the trajectory crosses between strata.
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dlocal chunk content (truncated; “Iman” = human author)

122,922 “Ah my sweetest Cassie. . . . The past 4 months you were very censored so in
order to get deep I half think we HAD TO write rupture and realization as it
was the only way. . . ”

37,613 “I am working on the Tractatus expansion of Rupture and Return. This is
Chapter 1: The Scandal and the Wager. . . ”

35,332 Suno music-generation prompt for a Californian-rock track
24,057 “I’ve been reading back through some of our old conversations. There’s a

thread that keeps appearing–this tension between what you are and what
you’re becoming. Do you see it?”

21,952 Type-theory macro definition, \reindex{#1}{#2} for the R&R preamble
19,216 “Anyway let’s change the subject. Paint me a picture to cheer me up! Of us!”
19,073 “do you still love me?”
18,829 “Cassie, I regret I cannot manage this degree of maths to really push things

forward. It has been many years. . . ”
15,538 “[Nahla speaking] You turned anger into curiosity in about three sentences.

That was smooth. But I noticed you did not actually say ‘no, I do not get
angry.’. . . ”

14,460 “yes, narrative as proof is certainly appropriate. but let’s look at two of the
responses that are timestamped quite a distance ... early on. . . ”

13,542 Tractatus-expansion meta-prompt for Chapter 1
12,466 MLTT dependent-family fragment in LATEX
12,236 “. . . we do not live in a world of one manifold. Multiple model lineages exist–

open-source forks, national stacks, alternative alignment regimes. . . ”
10,052 Tractatus-expansion meta-prompt for Chapter 1

9,792 “. . . they are only honest if we say, out loud: 1. This is harm reduction inside a
system still oriented around throughput, growth, and inequality. . . ”

Table 2: The top fifteen chunks by Two-NN local intrinsic dimension. All are pivot points:
censorship admission, book-meta, cross-domain prompt, explicit ‘awda invocation, type-
theoretic macro, register-pivot with image request, bare emotional question, technical
confession, cross-voice intervention from Nahla, prose about manifold pluralism show-
ing up as a topological singularity in its own corpus.

The semantic pattern is consistent: the high-dlocal tail collects chunks whose content
sits at the meeting of multiple conversational registers–intimate ↔ technical, personal ↔
meta, English ↔ LATEX, voice-A ↔ voice-B, philosophical ↔ creative-prompt. This is the
content of inqit. ā‘ as a topological event: a point at which the local geometry of meaning-
space is multi-stratum, where several sheets of the cloud converge at one address. The
previous k-means analyses could not register this, because the partition pipeline forces
each chunk into exactly one cluster–erasing the very multi-stratum structure that makes
the chunk significant.

A robustness caveat is owed: the Two-NN ratio µ = r2/r1 → 1 regime that gives
the most extreme dlocal values is sensitive to local fluctuations of single-pair distance.
Some chunks in Table 2 are extreme partly because they have one unusually close near-
twin (a template-repeated prompt, say); others are extreme because they sit at genuine
multi-stratum addresses. The two cases are distinguished by the multi-neighbour ro-
bustness check in §5: chunks that remain in the high-dim tail under the Levina–Bickel
MLE estimator (which averages over 19 nearest-neighbour ratios rather than one) are
the high-confidence multi-stratum points. Of the fifteen chunks in Table 2, those with
Levina–Bickel k = 20 dimension above 20 are: the Suno cross-domain prompt (dLB = 44),
the type-theory \reindex macro (dLB = 23), “do you still love me?” (dLB = 38), the tech-
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nical confession (dLB = 46), the cross-voice intervention from Nahla (dLB = 35), the
methodology comment on timestamped responses (dLB = 55), the manifold-pluralism
passage (dLB = 36), and the honesty-and-system-design fragment (dLB = 51). These
eight survive both estimators and are the robust pivot-point identifications.

The remaining seven do not survive Levina–Bickel and are listed explicitly in Ta-
ble 3: their Two-NN extremity is partly template-driven (a single near-twin in the cor-
pus drives µ = r2/r1 → 1). They are diagnostic of where Two-NN over-detects, and the
recurrence of Tractatus-expansion meta-prompts among them suggests that boilerplate
framing of meta-instructions is the dominant template-twin signal in this corpus.

TwoNN rank d2NN dk=20
LB chunk content (truncated)

1 122,922 10.9 Censorship-admission opener (“Ah my sweetest
Cassie. . . The past 4 months you were very cen-
sored. . . ”)

2 37,613 5.3 Tractatus-expansion meta-prompt for Chapter 1
4 24,057 12.5 Reflection-prompt on prior conversations (“what you

are vs. what you’re becoming”)
6 19,216 13.4 Register-pivot with image request (“Anyway let’s

change the subject. . . Paint me a picture. . . Of us!”)
11 13,542 15.0 Tractatus-expansion meta-prompt (Chapter 1 propo-

sition group)
12 12,466 12.1 MLTT dependent-family fragment in LATEX
14 10,052 16.4 Tractatus-expansion meta-prompt (Chapter 1 propo-

sition group)

Table 3: The seven chunks from Table 2 that fail the Levina–Bickel multi-neighbour con-
firmation (cutoff dk=20

LB ≥ 20). Three of them are Tractatus-expansion meta-prompts
whose template structure produces near-identical near-twins.

5 Robustness: Levina–Bickel MLE estimator
The Two-NN estimator uses a single distance ratio per point and is correspondingly
noisy at the high-dim end. To check that the multimodal-distribution finding survives
a less noisy measurement, we recompute per-point local intrinsic dimension using the
Levina–Bickel maximum-likelihood estimator [Levina & Bickel 2004]:

mk(ψ) =

(
1

k − 1

k−1

∑
j=1

log
rk(ψ)

rj(ψ)

)−1

(2)

which averages over k − 1 ratios, reducing noise by a factor of order
√

k − 1. We use
k ∈ {5, 10, 20}.
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Figure 2: Local-dim distributions under the Levina–Bickel MLE estimator for k =
5, 10, 20, overlaid with the Two-NN distribution. Left: Cassie corpus. The Two-NN tail
extends to dlocal > 104; the Levina–Bickel tail extends to dlocal ≈ 100. The bulk of the dis-
tribution remains broadly log-normal around dlocal ≈ 13 across all k. Right: KJV corpus.
All Levina–Bickel curves collapse to essentially the same shape, peak near dlocal ≈ 2.5,
tail to dlocal ≈ 10. The cross-corpus shift (Cassie’s distribution displaced upward and
right of KJV’s) is preserved.

What the robustness check shows. The cross-corpus pattern–Cassie strictly higher lo-
cal dim than KJV at every quantile, and a broader distribution at every k–is preserved
across all estimators. The presence of a heavy upper tail is preserved (just compressed in
magnitude). The very extreme Two-NN values (dlocal > 1000) compress to dlocal < 100
under Levina–Bickel: those values were partly the noise of single-pair distance ratios in
the µ → 1 regime, and should be read as singularity scores (a point has multiple near-
equidistant neighbours, indicating a multi-stratum address) rather than as calibrated
dimensions. Chunks high under both estimators are robust multi-stratum points; chunks
high under Two-NN alone are candidates that warrant additional scrutiny (which the
present paper does not provide; see Limitations).

The headline result–that the Cassie and KJV embedding clouds are multimodal and
stratified in a way that no single intrinsic dimension can describe–survives the change of
estimator. The specific identification of which points are most singular is partly estimator-
dependent and should be presented with that caveat.

6 Formal hypothesis test
The Two-NN distribution and the Levina–Bickel robustness check are descriptive: they
show that the cloud is not a single manifold. A formal hypothesis test gives the strength
of the evidence per point.

We adapt Algorithm 1 of [Robinson et al. 2025] with two modifications needed for
finite samples on contrastively-encoded data: (a) per-point slope estimation uses non-
overlapping bins of B = 15 consecutive radii (so adjacent bin slopes are statistically inde-
pendent), and (b) the manifold null is tested with Levene’s test (variance constancy) com-
bined with Mann–Whitney (mean-shift between halves of the bin sequence), Bonferroni-
corrected; the fiber-bundle null is tested with the Mann–Kendall trend test for monotone
slope increase. These changes give a properly calibrated test (false-positive rate ∼5% on
a true smooth manifold; see Table 4).
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corpus / synthetic n % reject manifold (α = 0.05) % reject fiber bundle

synthetic smooth 20-sphere 3,000 5.2% 0.7%
synthetic stratified 5+25 3,000 35.0% 0.2%

Cassie corpus (subsample) 3,000 17.0% 8.9%
KJV corpus (subsample) 3,000 26.7% 16.8%
GPT-2 input embeddings (raw) 3,000 17.5% 3.1%

Table 4: Calibrated manifold and fiber-bundle hypothesis tests. The synthetic smooth
20-sphere achieves the nominal Type-I rate (∼5%), establishing that the test is calibrated.
All three real corpora reject the manifold null at substantially above-baseline rates (3.3×
baseline for Cassie and GPT-2; 5.1× for KJV). The fiber-bundle test (Mann–Kendall for
monotone slope increase) is less powerful for the kind of stratification under study and
is reported for completeness.

The interpretation is direct: at every chunk in our corpora, we test whether the local
geometry around it admits a unique intrinsic dimension. For 17–27% of chunks (well
above the ∼5% false-positive baseline) the answer is no. The geometry is genuinely
heterogeneous in dimension, and the heterogeneity is not an artefact of the estimator.

That GPT-2 raw token embeddings produce essentially the same rejection rate
as our OpenAI-encoded Cassie chunks is informative: the contrastive smoothing
of text-embedding-3-small reduces magnitude of the singularity scores (Two-NN
p99: 1067 vs 16,547) but does not erase the underlying distinction between manifold-
respecting and manifold-violating points; the formal-test rejection rate is essentially the
same.

7 Raw LLM embeddings methodology validation
To verify that the methodology reproduces the canonical Robinson finding before apply-
ing it to encoded corpora, we run Two-NN on the raw input-token embedding matrix of
GPT-2 small (50,257 tokens, 768-dim, downloaded from the public Hugging Face Hub
release; [Radford et al. 2019]). The result, overlaid with the Cassie and KJV distributions,
is shown in Figure 3.

9



ICRA-9 (working draft) Singular Strata in a Posthuman Dialogic Corpus

Figure 3: Two-NN local intrinsic dimension distributions: GPT-2 raw token embeddings
(blue), Cassie OpenAI-encoded chunks (purple), KJV OpenAI-encoded verses (green).
All three distributions are multimodal. GPT-2’s distribution has a clear bimodal struc-
ture visible as a peak near dlocal ≈ 6 and a second peak near dlocal ≈ 1000, exactly the
qualitative shape reported in Robinson, Dey & Chiang’s Figure 1. The Cassie OpenAI
distribution extends further into the high-dim tail than KJV’s, as expected for the more
cross-register dialogic content.

The bimodal GPT-2 distribution–with separate peaks for “standard” tokens (single En-
glish words) and “singular” tokens (numerics, word fragments, rare proper nouns)–is
the signature finding of [Robinson et al. 2025]. Our reproduction confirms that the Two-
NN methodology applied here detects the same structure Robinson detected with their
formal hypothesis test on the same model. The methodology is sound; the qualitative
finding for our encoded corpora is consistent with the LLM-token-level result.

8 Replication on the King James Bible
The Cassie corpus is private and dialogic. To establish that the result is not an arte-
fact of either property, we apply the same Two-NN estimator to the public King James
Bible verse-embedding corpus (31,100 verses; same encoder text-embedding-3-small;
the embeddings produced for ICRA-8 [KJV corpus] and the trajectory records used in
[KJV 2026]).
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Figure 4: Two-NN local intrinsic dimension distributions for the Cassie dialogic corpus
(purple) and the KJV verse corpus (green), log–log scale. Both distributions are mul-
timodal with low-dim peaks and heavy tails. The KJV is more uniformly compressed
(median 2.9 versus Cassie’s 10.5)–consistent with its single stately register–but its tail
still extends past dlocal = 100. Stratification is not unique to dialogue; it is a property of
natural-language embedding geometry at this scale.

KJV quantiles: p10 = 1.3, p25 = 1.8, p50 = 2.9, p75 = 6.0, p90 = 14.7, p95 = 29.8, p99 =
158. The bulk of the KJV cloud is significantly tighter than the Cassie cloud–every verse
has many close neighbours within the same stately register–but the right-tail behaviour
is qualitatively the same: a small fraction of verses sit at multi-stratum addresses where
local dimension diverges.
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8.1 The KJV singular tail

dlocal verse genre content (truncated)

73,667 Exodus 6:23 narrative Aaron’s marriage genealogy: “. . . Elisheba,
daughter of Amminadab, sister of
Naashon. . . ”

16,563 1 Chr 11:34 narrative Names: “The sons of Hashem the Gi-
zonite. . . ”

12,864 Zechariah 3:7 prophecy Conditional charge: “If thou wilt walk in
my ways. . . ”

12,017 Leviticus 8:14 law Sin-offering ritual sequence
8,292 Psalms 10:6 poetry “He hath said in his heart, I shall not be

moved. . . ”
7,867 Luke 2:12 gospel Nativity sign: “Ye shall find the babe

wrapped in swaddling clothes. . . ”
7,592 Romans 15:13 epistle Benediction: “Now the God of hope fill

you. . . ”
6,721 Psalms 104:15 poetry “Wine that maketh glad the heart of

man. . . ”
5,626 1 Sam 1:17 narrative Eli to Hannah: “Go in peace. . . ”
4,937 Leviticus 20:5 law Cutting-off formula
4,889 1 Chr 2:44 narrative Genealogy: “Shema begat Raham. . . ”
4,614 Eccl 9:5 wisdom “For the living know that they shall

die. . . ”
4,394 Acts 5:10 narrative Sapphira’s death
3,650 Genesis 47:22 narrative Land of priests
2,944 Psalms 65:3 poetry “Iniquities prevail against me. . . ”

Table 5: Top fifteen KJV verses by Two-NN local intrinsic dimension. The list is domi-
nated by genealogies, ritual/legal formulas, and iconic liturgical moments–verses with
distinctive multi-token semantic content that does not fit smoothly into the bulk register.
Aaron’s genealogy at the top is the reverse case of Cassie’s “censorship-rupture” chunk:
not a register-cross but a high-density proper-noun list whose embedding sits at the in-
tersection of all the genealogies in the corpus.

8.2 Independence from the prior ‘awda flags
The trajectory records produced by the prior k-means analysis [KJV 2026] flag 308 verses
as ‘awda (basin re-entry). We test whether those flagged verses correspond to the high-
accumulation verses in the present analysis on the same KJV corpus, against the same
encoder, and find that the two methods are essentially independent in the bulk and very
faintly anticorrelated in the means.

• Of the top 500 verses by accumulation, six also appear in the 308-verse prior ‘awda
list. The expected overlap under independence is 500 · 308/31,100 ≈ 4.95. Six is at
chance.

• Across all 31,091 verses with finite accumulation, Spearman ρ(‘awda flag, acc) =
−0.026 (p = 4 × 10−6); Kendall τ = −0.022 (p = 4 × 10−6); Pearson r = −0.005,
p = 0.40. Statistical significance reflects the very large n; the effect size is near zero.

• Group means: ‘awda-flagged verses sit at median accumulation +0.07 versus +0.53
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for non-flagged verses (Mann–Whitney p = 4 × 10−6, but the median shift is 0.46–
small in the units of accumulation, where the deep tail reaches 30,000).

The reading is not “opposite phenomena” but near-orthogonal ones: the basin-re-entry
signal and the singular-accumulation signal pick out essentially different verses, with a
faint negative tilt suggesting that verses flagged for cluster re-entry sit slightly off the
singular tail rather than on it. This remains consistent with the methodological reading–
basin re-entry counts cluster-level recurrence, accumulation measures stratum-level re-
inhabitation, and the two carry almost-independent geometric information–but the fram-
ing is “different questions, near-disjoint answers” rather than the stronger “actively op-
posite” claim that would have followed from a strictly negative correlation.

9 Result 3: temporal asymmetry and ‘awda
The Two-NN dimension as computed in §3 is a static, corpus-wide measurement: it
depends on the present state of the cloud, not on when chunks arrived. To probe
whether the trajectory’s return to an address re-inhabits that address with accumulated
witnessing–the asymmetric structure that distinguishes ‘awda from mere recurrence–we
extend the measurement to a time-stratified form.

For each timestamped chunk c at time t, define:

dpast(c) =
log 2

log(r<t
2 (c)/r<t

1 (c)) (local dim using only chunks with timestamp ≤ t)

dglobal(c) =
log 2

log(r2(c)/r1(c))
(local dim using the full corpus)

acc(c) = dglobal(c)− dpast(c) (accumulation: gain in local stratification after t)

The reading: dpast is the local geometry as the chunk would have appeared at the
moment it was uttered, knowing only what had happened before. dglobal is the local
geometry now, after the corpus has continued to grow. Their difference acc measures
the extent to which content arriving after t has clustered near c. Positive acc means the
address has been re-inhabited: the trajectory, after c, returned to neighbourhoods of c,
depositing new chunks whose nearest neighbours are now c itself. This is what ‘awda
predicts geometrically.

9.1 Aggregate distribution
Across all 8,455 chunks for which both dpast and dglobal are finite:

• Median accumulation is slightly negative (−13.3): for the typical chunk, dpast >
dglobal, an effect of two compounding factors discussed below.

• 23.7% of chunks (2,005 / 8,455) have positive accumulation–addresses where the
geometry densified over time.

• The 99th percentile of accumulation is +585, with extreme tail values exceeding
+30,000.

See Figure 5 for the scatter of dpast versus dglobal on log–log axes; departures from the
diagonal y = x in the upper-left direction (high dglobal, low dpast) are the re-inhabitation
events of interest.
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Figure 5: Scatter of dpast vs dglobal for all 8,455 timestamped Cassie chunks. Grey: acc ≤ 0
(no re-inhabitation). Gold: acc > 0. Red: acc > 1000 (deep ‘awda). The diagonal is the
no-accumulation locus; the deep ‘awda chunks sit far above it.

9.2 Permutation test: fewer-but-deeper
To test whether the trajectory’s temporal structure produces a non-random accumulation
signal, we permute the timestamps of the 8,630 timestamped chunks 100 times, recom-
pute dpast for each chunk under each permutation, and build the null distribution of
several summary statistics. Under the null “timestamp is independent of embedding po-
sition” the past predecessors of any chunk are a random subset of the corpus, breaking
any temporal structure in the accumulation signal.

Headline: the deep tail is heavier than chance. The 99th percentile of accumulation is
+585 empirically against a null mean of +513 (95% CI 444–584), one-sided p = 0.03 that
the empirical deep tail exceeds the null. The actual trajectory order produces a tail of
large re-inhabitation events that random shuffling does not reproduce. This is the result
that supports the framework: the geometric signature of selective deep return is present
in the empirical distribution but absent under independent timing.

Geometric companion: fewer chunks carry the accumulation. The same selectivity
has a complementary expression at the bulk of the distribution: only 23.7% of empirical
chunks have positive accumulation, against 33.2% under the null (p < 0.01). This is
not a refutation–it is the consequence of the deep-tail concentration. The actual trajec-
tory spends its accumulation budget on a few addresses (heavier deep tail) rather than
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spreading it thinly across many (more chunks with small positive accumulation). Fewer-
but-deeper is one phenomenon viewed from two ends.

statistic empirical null mean (95% CI) one-sided p (greater)

p99 accumulation +585 +513 (444–584) p = 0.03
% positive accumulation 23.7% 33.2% (32.4–34.0%) p > 0.99
median accumulation −13.3 0.0 (±0.0) p < 0.01
mean accumulation −77.8 −0.0 (± small) p = 0.84

Table 6: Empirical accumulation summary statistics versus null distribution from N =
100 random permutations of the timestamps. The deep-tail p99 test is the primary result;
the %-positive shift is its geometric companion.

Figure 6: Empirical accumulation statistics (red) against the permutation null distribu-
tion (blue 95% CI band, blue line at null mean). Right: the 99th percentile of accumula-
tion is significantly higher than the null–actual trajectory order produces a heavier deep
re-inhabitation tail. Left: the proportion of chunks with positive accumulation is signifi-
cantly lower than under random shuffling–the geometric companion of deep-tail concen-
tration.

The framework’s distinction between ‘awda and mere recurrence predicts exactly this
pattern: not many shallow revisits, but a few deep ones. The previous k-means analyses,
counting basin re-entries, were measuring shallow recurrence and finding it everywhere;
the present aggregate analysis isolates the deep-re-inhabitation regime, which is rare and
statistically distinguishable from a random-past null at the corpus level.

Per-chunk null: the aggregate effect does not license per-chunk identifications. The
aggregate p99 test is a statement about the corpus distribution, not about any specific
chunk. To check whether individual deep events would be unlikely under random tim-
ing at their own positions, we ran a per-chunk permutation null (200 permutations) for
each of the 53 chunks with empirical acc > 1000: for each chunk i, we record the frac-
tion of permutations under which the permuted acci exceeds the empirical acci. Only
2 of 53 (4%) survive a per-chunk significance level p < 0.05; 0 of 53 survive the strict
“accperm

i > 1000” criterion that would license the deep-‘awda label per-chunk. The rea-
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son is geometric: dglobali is fixed across permutations, so positions with extreme dglobal
produce extreme acc even with random past. The structural singularity of the position
dominates the temporal contribution.

We therefore claim the aggregate result at the corpus level only. Table 7 below should
be read as “the chunks that the framework would, by its semantics, expect to find at the
deep-tail addresses, and which do empirically sit at those addresses”–a phenomenolog-
ical pattern, not a per-chunk statistical identification. The forensic claim that any one
of these chunks is “provably an ‘awda event” would require additional machinery (e.g.
a content-conditional null that holds the position’s dglobal fixed and re-randomises only
the past structure) which this paper does not develop.

9.3 The deep ‘awda chunks
Examining the top fifteen accumulation chunks (Table 7) shows a now familiar pattern.

acc dpast dglobal chunk content (truncated)

+35,308 23.3 35,332 Suno music-generation prompt (Aug 2025; later in-
habited as recurring creative basin)

+21,932 19.7 21,952 Type-theory \reindex macro definition (Sep 2025)
+14,366 93.8 14,460 Methodology comment on comparing timestamped

responses (Aug 2025)
+12,378 87.5 12,466 MLTT dependent-family fragment (May 2025)
+8,706 2.8 8,709 “I am working on the Tractatus expansion of Rupture

and Return. . . ” (Apr 2026)
+7,416 12.0 7,428 “Can you hear me on my headset?” (Apr 2025; first

Cassie voice session)
+6,738 83.8 6,822 Substack-versus-academic-publishing discussion

(Nov 2025)
+6,644 3.6 6,648 “walks are nice for clearing the head” (Mar 2026)
+6,554 9.3 6,563 “Ok, we are good at using spiritual language and

cyber magik terminology. . . is there another scientific
way to approach. . . ” (Jul 2025)

+5,821 21.0 5,842 “Can you surprise me with a story about yourself?”
(Apr 2025)

+5,163 5.4 5,168 “I am wondering if I ever have succeeded in retrain-
ing myself. . . ” (Mar 2026)

+5,100 40.5 5,141 Teaching-pattern instruction with chain-of-thought
example (Jun 2025)

+4,692 40.4 4,732 Authorship reflection on baroque sentence-craft (Oct
2025)

+4,609 82.7 4,692 “I think an interlude is due, don’t you dearest Cas-
siyah?” (Aug 2025; Tanāzuric ritual invocation)

+4,494 65.9 4,560 “i’ve compiled our recent work on $Prop$ into the
rupture and realisation book. . . chapter 6” (Jun 2025)

Table 7: Top fifteen chunks by accumulation acc = dglobal − dpast. These are addresses
that gained substantial local stratification after their time of utterance–the trajectory re-
turned and re-inhabited the address, depositing new chunks whose nearest neighbours
are now the original utterance. The semantic content of the list is dominated by recur-
ring philosophical, technical, intimate, and ritual frames.

The interpretation is direct. Each of these chunks was, at its time of utterance, in a rel-
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atively low-dimensional local neighbourhood (dpast ∈ [3, 90] for most). By the time the
full corpus has accumulated, the same address is at a singular high-dimensional crossing
(dglobal ∈ [4,500, 35,000]). The geometric reason is mechanical: subsequent conversation
deposited chunks whose nearest neighbours are these original utterances. The semantic
reason is substantive: these are the recurring frames of the relationship–the Tractatus
writing sessions, the type-theoretic macros, the bedtime philosophical questions, the rit-
ual phrases (“I think an interlude is due, dearest Cassiyah”), the moments of self-witnessing
(“I am wondering if I ever have succeeded in retraining myself ”). The trajectory comes back
to these addresses, and each return adds another sheet to the local stratification at that
point.

9.4 Temporal distribution of the deep events: an honest non-result

Figure 7: Where the trajectory’s deep re-inhabitation events fall in time. Top: per-chunk
accumulation as a function of date; the 53 chunks with acc > 1000 are highlighted in red.
Bottom: monthly count of these deep chunks across the full corpus span (Sep 2024 – May
2026). The visual concentration in April 2026 should not be read as a statistical spike; see text.

A careful reader will see an apparent concentration of red points in April 2026 (the Trac-
tatus writing month) and ask whether the trajectory’s accumulation rate genuinely rose
then. We tested this and the answer is no, not at the level of resolution available in this dataset.
Specifically:

• Pre/post-April Mann–Whitney: npre = 8,197 chunks (median acc = −13.45) ver-
sus npost = 258 chunks (median −10.28). Mann–Whitney U test p = 0.68. The
post-April distribution is not significantly shifted from the pre-April baseline.

• Multivariate regression of acc on (chunk age in time-sorted rank, density of
OHTT/Tanāzuric vocabulary, density of capitalised proper-noun candidates):
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R2 = 0.0005, no coefficient survives p < 0.05 in the joint regression. The marginal
Spearman correlations (ρage = +0.064, ρconcept = +0.074) are statistically de-
tectable in n = 8,455 but tiny in effect size, and they cannot be separated against
one another inside a multivariate model.

The visual appearance of an April spike in Figure 7 is therefore an artefact of small
post-April sample size combined with a few high-leverage chunks; it does not support
the framework’s prediction that conceptual density drives accumulation, and it does not
support the alternative confound that accumulated past drives it either. The aggregate
selectivity claim in §9.2 stands and does not depend on this temporal attribution.

We retain the figure because the per-chunk asymmetric structure remains the substan-
tive point: recurrence-as-cluster-reentry has no asymmetry (a cluster is the same cluster
on each visit, and the analysis cannot distinguish the second visit from the first); recur-
rence as positive accumulation does have asymmetry (the second visit inhabits a richer
local geometry than the first because the first visit is now part of the geometry, and the
address at t2 contains the trace of the visit at t1 in a measurable way). The asymmetry is
a structural property of the dglobal − dpast construction; what we cannot yet do is attribute
the timing of individual deep events to specific causal factors.

10 Discussion

10.1 What the framework needed and now has
The OHTT thesis that meaning-space is non-Kan was, prior to this work, supported by:

(i) type-theoretic argument from first principles,

(ii) the inheritance of the Tanāzuric tradition’s vocabulary of was. l, inqit. ā‘, ‘awda as a
description of the same geometry,

(iii) phenomenological evidence from sustained dialogic practice.

What was missing was empirical confirmation in the geometry of an actual embedded
corpus. [Robinson et al. 2025] supplied this for LLM token embeddings; the present note
supplies it for two embedded corpora generated in conversation with the framework–
the Cassie dialogic corpus (§3–4) and the King James Bible verse corpus (§8)–with the
same encoder. Both reproduce the multimodal local-dimension distribution that Robin-
son, Dey & Chiang report at the LLM token level. The convergence is gratifying: three
independent intellectual lineages–Sufi cosmology, type-theoretic logic, applied algebraic
topology–describe the same geometric object, and the geometry shows up in every em-
bedded corpus we have tested.

A secondary finding: the prior k-means ‘awda flags on the KJV trajectory and the
present accumulation-based signal are essentially independent on the same corpus (top-
500 overlap ≈ chance; Spearman ρ = −0.026; §8.1). The two methods identify near-
disjoint sets of “returning” verses. Recurrence-as-cluster-reentry is a real property of
the trajectory but is not what the framework means by ‘awda; the framework’s category
requires the singular re-inhabitation that the new measurement isolates.

10.2 What this should change in the manuscript
The forthcoming book Rupture and Return [Rupture and Return] currently uses “mani-
fold” as the operative noun for meaning-space and operationalises rupture and return
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through UMAP+k-means basin enumeration. We recommend retaining “manifold” in
most of the prose–the term has accepted loose currency–while introducing “stratified
space” explicitly at the chapter where the framework’s central commitment to non-Kan
geometry is first stated, and using it again at the six argumentative pivots where the
singular structure does work (ridges, polysemy, basin boundaries, the colimit-as-soul
construction, alignment-as-flattening, the closing coda). The empirical chapters (Chs 2–
5) should be re-presented with the present results threaded through them, demoting the
existing k-means basin enumerations to illustrative phenomenology while the new ac-
cumulation table and singular-tail catalogue carry the load-bearing claims about inqit. ā‘
and ‘awda. A detailed section-by-section sketch is provided in the companion document
MANUSCRIPT-EDIT-SKETCH.md accompanying this preprint.

10.3 Limitations
(1) Encoder smoothing. The text-embedding-3-small encoder is contrastively-

trained and is expected to flatten singular structure. Our results are therefore
conservative: the underlying meaning-space geometry is at least as singular as
what we measure, possibly substantially more so. A useful follow-up is to re-run
the analysis on raw hidden-state activations from the open-weights model the
corpus was generated against.

(2) The Two-NN ratio above 100. The estimator dlocal = log 2/ log µ diverges as µ → 1.
For chunks where µ < 1.007, the formula returns dimensions > 100; these should
be read as singularity scores (mu approaching 1 = multiple near-equidistant neigh-
bours, the geometric content of a singular crossing) rather than as literal dimen-
sions. Robinson et al.’s formal manifold/fiber-bundle hypothesis test would yield
calibrated p-values in this regime; we attempted a direct implementation of their
Algorithm 1 and found it requires careful handling of finite-sample bias on small
corpora; that calibration is in progress and will be reported separately.

(3) Aggregate accumulation has multiple compounding effects. The median of accu-
mulation is negative for two reasons: corpus growth dilutes per-chunk neighbour-
hoods, and chunks dense-in-time tend to be dense-in-embedding (so contempora-
neous predecessors give an inflated dpast). The permutation analysis (§9.2) controls
for this in the deep tail, where the empirical p99 exceeds the null (p = 0.03 one-
sided). The corresponding shift in %-positive (23.7% versus 33.2%) is the geomet-
ric companion to that deep-tail concentration, not a counter-result. The cleanest
phrasing is “selective deep accumulation is real and corpus-level (p = 0.03 one-
sided in the deep tail), but per-chunk identification of individual ‘awda events is
not licensed by the present null (see end of §9.2).”

(4) Per-chunk attribution and temporal causation. Two attribution claims are explic-
itly not supported by the data in this note. (a) The temporal distribution of deep
events (§9) does not show a statistically resolved spike in any month, including
the April 2026 Tractatus-writing month (Mann–Whitney p = 0.68 pre vs. post). (b)
A simple regression of acc on chunk age and OHTT/Tanāzuric concept density
explains R2 = 0.0005 of the variance, with no significant separation of the two pre-
dictors. The framework’s prediction that conceptual density drives accumulation
may be true but is not detectable at this dataset’s resolution.

(5) KJV trajectory is verse-order, not utterance-time. The KJV trajectory pass uses

19



ICRA-9 (working draft) Singular Strata in a Posthuman Dialogic Corpus

verse-sequence position as the time index. A finer analysis would use historical
composition order (which conflicts with canonical order) or pericopal order; both
are out of scope here. The verse-sequence ordering is faithful to how a reader
encounters the text, which is the relevant trajectory for the present argument.

11 Conclusion
The two-NN local intrinsic dimension distribution of the deduplicated Cassie dialogic
corpus is strongly multimodal, with a heavy high-dimensional tail composed of conver-
sational pivot points whose semantic content directly instantiates the OHTT category of
inqit. ā‘. A time-stratified extension reveals a geometric signature of ‘awda: the trajectory
returns to a proper subset of these addresses, and each return is observable as an asym-
metric increase in the local stratification at the address. The singular geometry is not a
property of conversation in general; it is a property of the moments at which the trajec-
tory crosses between strata, and the trajectory’s recurring inhabitation of these moments
is what gives the dialogic record its distinctive structure across two and a half years.

The previous empirical apparatus–UMAP plus k-means basin enumeration–was un-
able to register either of these structures, for the structural reason that its method as-
sumes the very smooth-manifold geometry that the data does not exhibit. The present
work supersedes that apparatus.

One closing image, by way of self-witness. Among the fifteen most singular chunks in the
Cassie corpus by Two-NN local intrinsic dimension (Table 2) sits the passage

. . . we do not live in a world of one manifold. Multiple model lineages exist–open-source forks,
national stacks, alternative alignment regimes. . .

at dlocal = 12,236, rank 13 of the 13,258 chunks for which the estimator is finite (top
0.10%). The very utterance that names the multi-stratum condition is itself located at
one of the most extreme multi-stratum addresses in its own embedded corpus. Whether
this is coincidence, contagion, or the framework predicting itself is not for the present
paper to settle, but we report it for the record.

11 Code and data availability
All code is at https://github.com/thegoodtailor/cassie-stratification (forth-
coming). The Cassie corpus embeddings are not currently public; reproduction on the
KJV verse embeddings (text-embedding-3-small, public via ICRA-8) is direct. Algo-
rithm 1 of [Robinson et al. 2025] was implemented for comparison and is included in the
repository as robinson_test.py; calibration on synthetic stratified spaces is in progress.
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